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I. INTRODUCTION 
One of the aims of modular representation theory is to show how the structure 
of a block of a finite group depends on the structure of its defect group. Here 
the structure of a block is expressed in certain numerical invariants such as 
the numbers of the irreducible ordinary and modular characters and their 
heights, the Cartan invariants and decomposition numbers. 
In his papers [5] Brauer proves that for a given defect group there are only 
finitely many essentially different possibilities for the structure of the block. 
But until today very few examples show how to determine these possibilities 
explicitly. 
A well-known paper in this direction is that of Dade [12] about blocks with 
cyclic defect groups. With different methods Brauer determined the structure 
of blocks with dihedral defect groups in [9]. These methods have been improved 
by Olsson in [15] in order to investigate blocks with quaternion or quasidihedral 
defect groups. In this paper we deal with 2-blocks with wreathed defect groups. 
For example, such blocks occur as principal blocks of certain projective linear 
or unitary groups (see [l]). Because our methods depend on [9, 10, 151 the 
reader is expected to have some familiarity with these papers. For our notation 
see [14, 151. 
In section 1 we collect some additional lemmas which are needed. Part II 
contains the general investigation of a block 3 with a wreathed defect group D. 
As in the quasidihedral case we have to distinguish four cases. In two of these 
cases we get the numbers of characters and informations about the decom- 
position numbers and the Cartan matrix. For the other two cases the methods 
are not sufficient; therefore in Part IV we consider the special case where the 
order of D is 32. 
This paper is the English version of my dissertation written in 1978. I wish 
to thank Dr. Olsson for his helpful advice and many interesting discussions. 
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1. Preliminary Results 
Fix a prime p (which will be 2 later) and a finite group G of order g = g,g’, 
where g, is a power of p and g’ is prime to p. Let 5’ denote a complex primitive 
g’-th root of unity and 5 a complex primitive g,-th root of unity and set ~7 := 
Q(r;‘), 62 := lq[). L t e v - vP be a fixed extension of the exponential p-adic 
valuation of Q onto J2, where v,(p) = 1. Let o be the corresponding valuation 
ring of Sz with maximal ideal p and residue class field sZ* = o/p. 52 and G* 
are splitting fields for G, and all representations in this paper will be over 
1;2 or JJ*. For an element y of the Galois group r = P(52/8’), let (y) denote 
an integer prime to p such that 5’ = 5 (v). Then (y) is uniquely determined 
modg, by y. If 4 and $,, are complex characters of subgroups H and H,, of G, 
respectively, then 1,4 and I+$, are called p-conjugate in G iff there are elements 
t E G and y E r such that H,, = Ht = t-lHt and I+$(&) = #(w)r for all w E H. 
Then set $tXy : = & , in particular I,P : = z+W and p : = I/W’. 
Immediately from the definition of nets we get the following lemma: 
(1.A) LEMMA. Let B be a block of G with associated net %(D, b). Then for 
each subgroup H of G with C&Z(D)) < H, ‘?l(D, b) is also associated with the 
block bH of H. This holds in particular for the groups H = Co(u) where u E Z(D). 
Given a subsection (u, b,) of G and elements t E G, y E r, set (u, b,)txv := 
((tit)(y), but) and call (u, b,) and (u, bJxv p-conjugate in G. As for conjugate 
subsections, one has the following result for p-conjugate subsections: 
(l.B) PROPOSITION. Let B be a block of G with associated net ‘%(D, b), % a 
system of representatives for the classes of strongly conjugate subgroups in %(D, b) 
and set 3 : = {C,(u): u E D}. 
For each Q E ‘3I n 3, T(bo) x P operates on the set {u E Q: Q = C,(u) and 
1 T(b,) n C,(u): Q&(Q)\ $ 0 (modp)}, which splits into the orbits {(z#v): 
t E T(b), Y E 0 
Let 6,Q(D, b) be a system of representatives for these orbits. 
Then there is a system 6Q(D, 6) f p o re resentatives for the classes, z’nto which 
the set above splits by conjugation in T(b,), such that 
6,Q(D, b) C 6*(D, 6) C (uW u E 6,Q(D, b), y E P}. 
DeJine 
6 := ((u, b,) : Q = C,(U) E 93 n 3, u E G”(D, b), b, = bp(“)} 
and 
B, := {(u, b,) : Q = C,(U) E 9-2 n 3, u E G;,O(D, b), b, = bp(“‘]. 
Then 6 z’s a system of representatives for the classes of conjugate subsections 
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belonging to B, and 6, is a system of representatives for the classes of p-conjugate 
subsections belonging to B. 
The proof can be gained as in [lo; (6C), (6E)]. The following unpublished 
lemma of R. Brauer will be useful later. 
(1 .C) LEMMA. If B is a 2-block of G with defect group D, then 
(i) if 1 D 1 3 4 then k,(B) = 0 (mod 4), 
(ii) if I D I 3 8 then k,,(B) + 4k,(B) = 0 (mod 8). 
II. THE BLOCK B 
2. The Defect Group D 
Let D be the wreath product of a cyclic group of order 2” (m > 2) with 
the group of order 2. Then I D 1 = 2 2m+1 > 32 and D can be generated by 
elements x, y, x satisfying the following relations: 
XZrn = yzm = ,$ = 1, xy = yx, zxz = y. (2-l) 
This section contains some facts about D which are easily verified (see [11, 
1; IIS]). 
(2.A) LEMMA. (i) Z(D) = (xy), D’ = (xy-l). 
(ii) D/D’ has the type (2”, 2). 
(iii) D/Z(D) is dihedral of order 2m+1. 
(iv) (x, y) is the unique abelian subgroup of index 2 in D. 
(v) Each u E D\<x, y) can be represented in the form u = xgyjz with 
integers i and j. Then u2 = xi+iyifj E Z(D), and the order of u is at most 2m+l. 
(vi) The order of u = xiyjz is 2m+1 isf i + j is odd. 
(vii) For u E D\(x, y), C,(u) = (xy, u) is abelian of order 2m+l. 
(viii) For a nonabelian subgroup Q of D, C,(Q) = (xy) = Z(D), and 
therefore Z(Q) < Z(D). 
In the following lemma we choose a class XJ of subgroups of D which will 
be useful in the determination of the net rU(D, b). The proof is easy and will 
be omitted. 
(2.B) LEMMA. Let Q be the set of all subgroups Q of D satisfying the following 
conditions: 
(1) -W4 G Q- 
(2) Q is either nonabelian or a maximal abelian subgroup of D. 
481/64/z-16 
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Then the following groups are a system of representatives for the classes of D- 
conjugate subgroups in 0: 
D, 
<XY, x2, z>, (x5 x2), <x, Y> 
<XY, x2h, x>, <X% x2”> (h = 2,..., m). 
No two of these groups are isomorphic. Furthermore, the following holds for each 
QEQ: 
(i) If Q is nonabelian, then Q/Z(D) is dihedral, and Z(Q) = Z(D). 
(ii) If the automorphism group Aut(Q) of Q is not a 2-group, then Q = 
(x, y) or Q is D-conjugate to (xy, x~~-‘, x). 
(iii) ND(Q) E Q 1 N,(Q): Q 1 < 2, and N,(Q)/Z(D) is dihedral. 
3. The Net %(D, b) 
For the rest of the paper, let G be a finite group, B a 2-block of G with defect 
group D as in (2.1) and b a block of DC,(D) with bG = B. 
In this section we will determine ‘%(D, b) and some inertial indices. 
(3.A) LEMMA. Every double chain in rU(D, b) is special; in particular 
2l(D, b) = %,(D, b). 
Proof. Because ‘%(D, b) is contained in Q by [lo; (3A), (4G)], we have 
1 N,(Q): Q 1 < 2 by (2.B.iii). Now apply [15; (l.S)]. 
(3.B) LEMMA. (i) If Q E Q is nonabelian and Aut(Q) is a 2-group, then 
Q E %P, 4 and T(bd = ND(Q) G(Q). 
(ii) <x, y>, <xy, x2,-l , z), (xx) and all their D-conjugates are in ‘%(D, b). 
Proof. By (2.A) and (2.B), it is easy to see that the conditions of [15, (1.9)] 
are fulfilled for the groups occurring in (i), and (i) follows. By [15, (1.711 all 
maximal subgroups of D are in ‘%(D, b). The rest follows from [lo, (5L)], 
(2.A) and (2.B). 
(3.C) LEMMA. / T(bo): ND(Q) Co(Q)1 E (1, 3) for Q : = (xy, x~~-I, x). 
Proof. Because every double chain in %(D, b) is special, this index is odd. 
So determine the odd divisors of 1 Aut(Q)l. 
As in [15, (2.411 we get the following: 
(3.D) LEMMA, Set Q : = (xy, xzmW1, z), Q1 : = (XY, xzmel), Q2 : = (xy, #‘-lZ), 
Qs := <XY, z>. 
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Then the following conditions are equivalent: 
(1) The double chain from (D, b) to (Q, bo) cannot be extended. 
(2) I T(b): QG(Q)I = 6. 
(3) Q1 , Qz , Q3 are conjugate under T(bo). 
By (3.D) it is necessary to distinguish the following cases for Q : = (xy, xsrnml, z): 
case(A) : 1 T(bo) : QCo(Q)] = 6 
case(B) : 1 T(b,) : QCo(Q)\ = 2. 
(3.1) 
(3.E) PROPOSITION. In caSe (A) we set 
93 := {<xy, x2”, z), (xx, x2”) : h = 1, 2 ,..., m - 1) 
u {<x, Y>, (xz>, D>; 
in case (B) we have to add (xy, z). 
Then 9Z is a system of representatives for the classes of strongly conjugate sub- 
groups in ‘$l(D, b), and %(D, b) consists precisely of all D-conjugates of the groups 
in %. 
Proof. The result follows from the preceding lemmas and [lo; (4L), (4P)]. 
4. The Subsections 
The aim of this section is the determination of systems G and G2 of repre- 
sentatives for the classes of conjugate and 2-conjugate subsections, respectively. 
(4.A) LEMMA. I T(b): DC,(Q)1 E 0,3]for Q := (x, Y>. 
The proof is similar to that of (3.C). Again we have to distinguish the 
following cases for Q = (x, y): 
case (a) : 1 T(b,) : QCc(Q)I = 6 
case (b) : 1 T(b,) : QCo(Q)I = 2. 
(4.1) 
This gives the four cases (aA), (aB), (bA), (bB). 
(4.B) LEMMA. In case (a) the generators x, y, z of D can be chosen such that 
for Q = (x, y) the following conditions are satisjied with a suitable 7 E G: 
(9 T(b) = (CO(Q), G 7). 
(ii) 73 E 1 (mod C,(Q)) and .qz = q-l (mod C,(Q)). 
(iii) T-IX-q = y, q-ly~ = X-ly-l, l)-‘X-‘J+ = X. 
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By conjugation under T(bo), Q splits into the following orbits: 
U>! 
{#, yi, x-iy-i} (I < i < 2” - I), 
{xj’, Y’, y’-‘, y z I xi 2 *-i z 3 &i 4, &i 4, x-i i-i Y > 
(1 <i<2”/3,2i+I <jy<2”-i). 
Proof. (i), (ii) and (iii) follow as in [ll; (2A), (2B)]. Obviously every orbit 
of Q under T(bo) has one of the forms above. Now choose a representative 
x”yj in every orbit such that 1 < i < j < 2” - 1 and i minimal. This gives 
the conditions for i and j. 
(4.C) LEMMA. In case (a), Q = (x, y) splits into the following orbits under 
the action of T(b,) x I? 
- m orbits which can be represented by the elements xztyzi, i = 0, l,..., m - 1, 
- 2+l + m - 3 orbits which can be represented by the elements ~z’yi’~~, 
i = 0, l,..., m - 2, j’ E Rzi, where Rzi ’ as a system of representatives for the 
classes { j’,j”:fj” = 1 (mod 2”-i)} of integers d@rentfrom { j’: j’ = 1 (mod 2+9}. 
Proof. Every u E Z(D)\(l) has a representation u = (~y)j”“~ with an odd 
integer j’. Choose j” with j’j” = 1 (mod 2’9 and an element y E r with 
(y) -i” (mod 2’9. Then u and u (y) = x2’y2’ lie in the same orbit, which 
gives the representatives for the orbits containing an element of Z(D). 
Every orbit which does not meet Z(D) contains an element x2’yi’.2j where 
i E (0, l,..., m - 2}, i < j and j’ is odd. This orbit also contains the elements 
+gyj,.2j-2i and x2iy2i-j,.2ie Th erefore we can assume i = j. The same arguments 
show that this orbit contains at most two elements of the form x~‘Y~‘.~~. These 
are linked by applying z and r. If we choose’j” with jj” = 1 (mod 2+9, these 
are the elements ~a’yj”~’ and ~~‘yj”‘~~, so only one of these has to be chosen. 
The case j’ = 1 does not appear here because otherwise the orbit would contain 
an element of Z(D). We have 1 < 2i < 2’1”-2 < 2m/3 and 2 . 2i + 1 < 3 . 2i < 
j’ . 2i < (2m-i - 1) . 2i = 2” - 2i so that all these representatives in fact 
belong to orbits not meeting Z(D). C ounting the representatives, the result 
follows. 
The proof of the following lemma is similar and will be omitted. 
(4.D) LEMMA. In case (b), Q = (x, y) splits into the following orbits under 
conjugation in T(bo): 
- {+i}, i = 0, 1 ,..., 2” - 1, 
- {+yj, dyi}, i = 0, l,..., 2” - 2, j = i + I, i + 2 ,..., 2” - 1. 
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Under the action of T(b,) x P we get the following orbits: 
- m orbits which can be represented by the elements x2’yzi, i = 0, I ,..., m - I, 
- m orbits which can be represented by the elements yzi, i = 0, I,..., m - 1, 
- 2” - m - 1 orbits which can be represented by the elements x~~Y~‘.~‘, 
i = 0, I,..., m - 2, j = i + 1, i + 2 ,..., m - 1, j’ = 1, 3, 5 ,..., 2*-j - I, 
- 2” + m - 3 orbits which can be represented by the elements ~~“yj’.~“, 
i = 0, I,..., m - 2, j’ E Rzi where Rzi is defined as in (4.C). 
(4.E) LEMMA. By conjugation in T(bo) = N,(Q) Co(Q), Q = (XZ) splits 
into the following orbits: 
- {xiyi}, i = 0, I,..., 2” - I, 
- {(XZ)~, (xz)i+2m>, i = I, 3, 5 ,..., 2” - 1. 
Under the action of T(b,) x P we get the following orbits: 
- II>, 
- m orbits which can be represented by the elements x2”y2’, i = 0, I,..., m - 1, 
- one orbit containing xz. 
Proof. Because every double chain is special, the index / T(bo): N,(Q) Co(Q)1 
is odd. Because Aut(Q) is a 2-group, we get T(bo) = N,(Q) C,(Q), and the 
result follows easily. 
The same proof gives the following: 
(4.F) LEMMA. In case (B), Q = (xy, z) splits into the following orbits under 
conjugation in T(bo) = ND(Q) Co(Q): 
- {xv}, i = 0, l,..., 2” - I, 
- (xiyi,, ~i+2~-ji+2~-~~}, j = 0, ],...,2m-l _ 1. 
Under the action of T(bo) x I’ we get the following orbits: 
- Uh 
- m orbits which can be represented by the elements x2f2’, i = 0, 1 ,..., m - I , 
- m orbits which can be represented by the elements x2’y2’z, i = 0, l,..., m - 1. 
Now we can choose 6 and G2. Therefore we fix the following notations: 
Go1 := {xiyi : i = 0, l,..., 2” - I), (4.2) 
Go2 := {(xz)i : i = 1, 3, 5 ,..., 2” - l}, 
GD3:={xiyj: 1 <i<2”/3,2i+ 1 <j<2m-i}incase(a), 
GD3 := (dyf : 0 < i < j < 2” - l> in case (b), 
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Go4 := o in case (A), 
Go4 := {x”y% : i = 0, l,..., 2+l - l} in case (B), 
Go := Go1 u 602 u G;o3 u 604. 
G;,D := {xq@ : i = l)..., m}, (4.3) 
G& := (xz}, 
G;,D := {x2’yj’.2’ :0 <i<m-2,j’ER$}incase(a), 
Gi,D := {x~‘Y~‘~~’ : 0 < i < m - 2, i + 1 < j < m - 1, 
j’ = 1, 3, 5 ,..., 2”+ - l} 
u {y”” : i = 0, l,..., m - l} in case (b), 
G;,D := o in case (A), 
Gt,= := (x2’jziz : i = 0, l,..., m - 1) in case (B), 
(4.G) PROPOSITION. DeJine 
and 
Then 6 and 6, are systems of representatives for the classes of conjugate and 
%-conjugate subsections belonging to B, respectively. 
Proof. The proof follows from the preceding lemmas by an application 
of (l.B). 
(4.H) COROLLARY. 1 T(b,) n C,(u): QCo(Q)I = 1 for u E 6, and Q := 
CD(U). 
(4.1) LEMMA. E(b,) = 1 for u E GD2 u GD3 u Go4. 
Proof. If u is one of these elements, then Q : = Co(u) E {(x, y), (xz), (xy, z)} 
is abelian and the inertial index of b, is 1. The result now follows from [5, IV, 
W)l. 
5. The Elementary Divisors of the Cartan Matrix 
Let C, denote the Cartan matrix of B, and for r = 0, l,..., 2m + 1 let 
E,(27 be the multiplicity of 2’ as an elementary divisor of Cs , with similar 
notations for blocks of subgroups and factor groups of G. 
Then we can prove the following analogue of [15; (3.2)]: 
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(5.A) LEMMA. (i) &(23 = 0 for Y = m + 1, m + 2 ,..., 2m. 
(ii) If r E{l,..., m} and Q is the unique subgroup of Z(D) with 1 Q / = 2’, 
then there is exactly one block b of No(Q) with defect group D and bc = B, and 
E,(2’) = Eb(2’) = Ebu(2’) fOY u = x@y+. 
PYoof. We apply [15; (l.l)-(1.3)] d an use the same notation. Let Q E ‘$(G) 
with / Q / = 2’ where Y E {I,..., 2m}, and let b be a block of NG(Q) with bG = B 
and defect group R. Choose a block b, of C,(Q) with b:ocQ) = b and defect 
group R, . We can assume R, < R. The first main theorem of Brauer shows 
Q # R, and R is contained in a subgroup conjugate to D in G. After a suitable 
change of (P(G) we can assume R < D. Then we have Q g R < D and 
Z(Q) G R. G R n G(Q). 
[6, I, (3C)] shows that xy E Z(D). is conjugate to an element of Z(RJ. Therefore 
/ Z(R,)j >, 2”. If R,, is contained in (x, y) then it is easy to see that the inertial 
index of b, is 1 and so Z(b,) = 1 by [5, IV, (6G)]. By [15; (1.3)] we have 
nr,(Q) = 0. Therefore we can assume RO g (x, y). If R, is abelian, then Z(D) < 
C,(R,,) = R,, and 1 RO / = 2”+l. Again we get Z(b,) = 1 and rib(Q) = 0. 
So let R, be nonabelian. Then Q < C,(RJ = Z(D), and 6, is a block of 
c&2972”-‘) with the nonabelian defect group R,, and b,G = B. By (4.G) 
we conclude R, = R = D. From ~~“‘-‘y~“‘-~ E Q < Z(D) < D we get the 
inclusions No(D) < NG(Q) < Cc(x2”-’ Y~~‘-I) < G. By Brauer’s first main 
theorem the block b is uniquely determined by B. Therefore E,(2’) = 
q,(Q) = Eb@) by [15, (l.l), (1.2)]. F rom the same analysis, with Co(u), 
b, , D in the place of G, B, D, we get EbU(2r) = r&(Q), and the lemma is 
proved. 
6. Conditions on the Decomposition Numbers 
For each subsection (u, b,) belonging to B choose a basic set @(b,) (cf. 
[5, I, $V]) and denote by d(u) = [di(u)J (i = I,..., Z(b,), x E B) the k(B) x Z(b,)- 
matrix of (generalized) decomposition numbers corresponding to @(b,). 
The following lemma is proved as [9, (5A)J. 
(6.A) LEMMA. Let E be a complexprimitive 2”-th root of unity and (u, b,) E 6. 
Then the coefficients of d(u) are in Z[f], and so the values of the characters 
x E B are in G’(f). 
Let I’,, : = r(JZ([)/S;r’) be the corresponding Galois group. By (6.A) it 
suffices to consider the action of I’,, on the characters, subsections and decom- 
position numbers in B. Write 
d(u) = - C - ai [j 
i=O 
(f-5.1) 
538 BURKHARD KiiLSHAMMER 
with integral matrices q(u) = [aii(u),] and define by recursion 
aj+2m(u) := -cqu). (6.2) 
For all K(B) x l-matrices 01 = [oIJ,,,~ , /3 = [&]X68 let (or, /3) denote the ordinary 
inner product 
(6.3) 
(6.B) LEMMA. For all x E B and all u E GD2, the following holds: 
(i) (q(u), aj(u)) = 4Sij (i,j = 0, l,..., 2+l - 1). 
(ii) ~~~~1-1 aj(u)x is odd r$ h(x) = 0. 
Proof. (i) is an easy application of the orthogonality relations (cf. [9, (4C)]). 
The proof of (ii) is similar to the proof of [15, (3.1011. 
The theory developped so far for G, B, D can be applied to C,(U), b, , D 
where (u, b,) is a major subsection of B. The next lemma shows what happens 
to the cases (A), (B), (a), (b). 
(6.C) LEMMA. For each u E Z(D)\(l), case (A) for G, B, D gives case (A) 
for Co(u), b, , D, case (B) giwes case (B), and the cases (a) and (b) both giwe case (b). 
Proof. By (l.A), the passage from G, B, D to Co(u), b, , D does not change 
the net QI(D, b). Therefore the cases (A) and (B) remain unchanged. The 
last assertion of the lemma follows from (4.B). 
The next step is a reduction r = T u: C,(u) --f C,(u)/(u) for u E Z(D)\(l). 
The corresponding block bun of C,(u)” has the defect group D” = D/<u) by 
[15, (1.5)]. If the order of u is 2”, D/(u) is dihedral of order 2m+1, and the 
structure of b,lr is known by the results of [9]. Parts of the analysis of bur for 
elements u of order 2-l are contained in the next chapter. 
(6.D) LEMMA. If u E Z(D) has order 2”, then case (A) for G, B, D gives 
case (ab) for Cc(u)“, b ua, D”, and case (B) gives case (bb). 
The labelling of the cases is the same as in [9]. 
The proof is an easy application of [15; (I .5)]. 
(6.E) LEMMA. If case (B) occurs and II E Z(D) has order 2”, then l(b,) = 1, 
and the following holds: 
(i) (a,(u), q(u)) = 2m+26ij (i,j = 0, I,..., 2m-1 - 1). 
(ii) 2h(x) diwides aj(u), (x E B, j = 0, l,..., 2-l - 1). 
(iii) c:,‘” aj(~)X z 2h(x) (mod 2*‘x)+l). 
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Proof. [9, Theorem 21 shows 1(6”;1) = 1, so that Z(b,) = 1. As a consequence, 
1 D 1 is the only Cartan invariant of Z(b,), and (i) follows by the orthogonality 
relations. Let Mu = [m,“,],,,,,B be the matrix of contributions of (u, b,). 
From [6, II, (5G)] we get for all x, x’ E B with h(x’) = 0 the equation 
-_ 
h(x) = 4 D I 4x,) = 444,) + +W,,). 
Therefore h(x) = v(d(u),), and (ii) and (iii) follow. 
(6.F) LEMMA. If case (A) occurs and u E Z(D) has order 2”, then a basic 
set @(b,) can be chosen such that C,,,, has the following form: 
Cbu zzz 
[ 
2m+2 
p+1 
pt+1 1 2""-1+ 2" . 
So wegetfor i, j = 0, I,,.., 2”-l - 1: 
For the matrix MU = [m,“,] of contributions of (u, b,) the following holds: 
j D 1 rn,U,, = (2”-l + 1) dl(u), dm - 2d’(u), d20,, 
- 2d2(u), dl(u),, + 4d2(u), d2(u),, . 
In particular, h(x) = 0 ;f and only ifx:“,‘-’ a>(u), is odd. 
Proof. We get C,” as in the proof of [IS, (3.15)]. The formulas for a,(u) 
and rn$ are trivial now. [6, II, (5G), (5H)] give the last assertion because 
-- 
I D 1 rn:“,, I_ d’(u), d’(u),, (mod p). 
7. The Number of Characters in Case (b) 
The aim of this section is the determination of the numbers ‘Z(B), h(B), 
h,(B), i = 0, I,... in case (b). 
(7.A) LEMMA. In all cases, k,(B) < 2m+1. 
Proof. For x E B with h(x) = 0, at least one of the coefficients ai( , 
j = 0, I,..., 2”-l - 1, does not vanish by (6.B.ii). Because of (a$(xz), aj(xz)) = 4 
and the orthogonality to d(1) each of the columns aj(xz) contains exactly four 
coefficients & 1. This gives at most 4 2”-’ non-vanishing coefficients. 
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(7.B) PROPOSITION. k(B) < 22m-1+ 3 ~2~-l in case (B). 
Proof. Consider d(zl) for u E Z(D) of order 2”: 
pn+1 = 
j=O XPB 
By (6.E.iii), Cj Us: > 1 for h(x) = 0, and Cj uj(u)E 3 4 for h(x) > 0. This 
gives 
2am+1 > k,(B) * 1 + (k(B) - $(B)) .4 = 4k(B) - 3ko(B) 
3 4&B) - 3 .2”fl, 
and the proposition follows. 
(7.C) PROPOSITION. Z(B) = 1, k(B) = 2an2-l + 3 . 2”-l, k,(B) = 2”+l, 
k,(B) = 22m-1 - 2-l in cuse (bB). 
Proof. [lo; (6D)] and (4G) give K(B) > 1 6 ( = 22m-1 + 3 * 2m-1. Therefore 
Z(B) = 1 and K(B) = 22m-1 + 3 .2+l. By the proof of (7.B), 
zzm+l = 1 1 Cj(u)z + C C uj(“>,” 
h(X)=0 j h(x)=1 j 
+ ,($,, T %C"X 
3 k,(B) . 1 + k,(B) - 4 + MB) - k,(B) - WV . 16 
= 16k(B) - 15/z,(B) - 12k,(B) 
3 16k(B) - 15R,(B) - 12k(B) + 12k,(B) 
= 4k(B) - 3k,(B) > 22m+r + 3 . 2m+1 _ 3 . 27n+n+l = 22m+1* 
So we get equality always, and the proposition follows. 
From the proof of (7.C) we get the following conditions for the decom- 
position numbers: 
(7.D) COROLLARY. If case (bB) occurs and u E Z(D) has order 2m, then 
for each x E B there is exactly one j E (0, 1 ,..., 2+l - l} with u~(u)~ # 0, and 
d(u), = ad(u), 65. Here 1 q(u), ( = 1 for h(x) = 0 and 1 u~(u)~ / = 2for h(x) = 1. 
(7.E) PROPOSITION. R(B) < 22m-1 + 2m+1 in case (A). 
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Proof. We have to consider the matrices Us for u E Z(D) of order 2” 
and i = 0, l,..., 2+l - 1. If 3 . is fixed there are at most three possibilities 
for the coefficients of a:(~) because (u?(u), U;(U)) = 8: 
(i) ajl(n) contains eight coefficients f 1. Because of (@(u), ujz(u)) = 
2” + 2, uj(u) contains at most 2* + 10 non-vanishing coefficients. As a con- 
sequence of ($(u), aj2(U)) = 4, ,( ) a. u contains at most 2” + 6 non-vanishing 
rows. If this maximum occurs, Us contains four rows [E, 01, 2” - 2 rows 
[0, ~1 and four rows [E, e] where E = fl. 
(ii) ujl(u) contains four coefficients i-1 and one coefficient 52. Here 
Us contains at most 2” + 7 non-vanishing coefficients and at most 2” + 4 
non-vanishing rows. If this maximum occurs, uj(u) contains two rows [E, 01, 
two rows [E, E], one row [26, e] and 2” - 1 rows [0, l ] where E = il. 
(iii) ujl(u) contains two coefficients f2. Here ai contains at most 
2”” + 4 non-vanishing coefficients and at most 2% + 2 non-vanishing rows. 
If this maximum occurs, uj(u) contains two rows [2e, ~1 and 2” rows [0, l 1 
where E = +I. 
Therefore the matrices ai( i = 0, I,..., 2+l - 1, together contain at 
most 2”-l . (2” + 6) = 22na-1 + 3 .2” non-vanishing rows, so that d(u) has 
at most 22m-1 + 3 .2” non-vanishing rows. Because (u, b,,) is a major sub- 
section, no row of d(u) can be 0. So we get k(B) < 22m-1 + 3 .2”. Set !N := 
((j, x): 0 <j < 2”-1 - 1, x E B, Undo # O}. Then C(i,,.Em ujl(u)z = 2m+2. 
‘9X splits into the following disjoint subsets: 
)132, := ((j, x) E W: 1 U?(U), 1 = 1 and dl(u), = a$(~), p}, 
9X, := {(j, x) E ‘%N: 1 u>(u), 1 = 1 and d’(u), # al(u), tj}, 
rm,:=((j,x)E!m: Iu,‘(u),I =2}. 
Obviously h(x) = 0 for (j, x) E %Rm, . Consequently, I %l& 1 < k,(B) < 2m+1, and 
(i & %+x G 2”+l. 
’ 1 
so 2”+l G C(j.r)dm 1+C~~,x)Erm,4=I~21~1+I~~I~4.For(j,~)~~m,, 
(ii) and (iii) show &at we have counted two rows twice. 
m2 splits into the nonempty disjoint subsets D&(x) where mm,(x) consists 
of all (i, x) E ‘9X2 . For (j, x) E ‘$R2(x) either I m2(r,(x)] 3 2 or there is a j’ with 
(j’, x> E ,a . This shows that we have counted max{l, I !&(x)l - I} > 
I 9J12(x)//2 rows twice. 
Altogether, we have to subtract at least I m2 l/2 + 2 1 ‘9J$ I > 2m+1/2 = 2” 
rows. Consequently, d(u) contains at most 22m-1 + 3 .2” - 2” = 22m-1 + 2m+1 
non-vanishing rows, and k(B) < 22m-1 + 2m+1. 
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For the proof of the next proposition we need a good lower bound for k(B). 
By [lo, (6D)] this can be reached by finding a good lower bound for Z(b,), 
where u E Z(D) has order 2*-l. By using the reduction rr: C,(u) + C,(U)/(U) 
as in [15, (1 S)] we get a block b,” of C,(U)” with defect group D” = D/(u). 
Because there is no general theory for blocks with a defect group of this type, 
the next chapter contains an investigation of burn. There we show Z(bun) > 2 
in case (A). By [15, (1.5)] we get the following lemma: 
(7.F) LEMMA. If case (A) occurs and u E Z(D) has order 2”-l, then E(b,) 3 2. 
(7.G) PROPOSITION. E(B) = 2, k(B) = 22m-1 + 2m+1, $(B) = 2mT1, k,(B) = 
2am-1 - 2+1, k,(B) = 2”-l in case (bA). 
Proof. By [lo; (6D)], (4.G) and (4.1) we get 
k(B) = 1 6 1 + c (Z(b,) - 1) >, 2&“-l + 2” + 2+l + 2m-2 
UEZ(D) 
> 22m-1 + 3 . 2m-1. 
If we had Z(B) = 1, we would get the contradiction k(B) = 22m-1 + 3 .2+l 
by an analysis of d(1) similar to that of d(xy) in the proof of (7.C). 
So Z(B) > 2 and therefore Z(b,) 3 2 for u E Z(D) in case (bA) by (6.C). 
This gives the right lower bound: 
k(B)=)Gl+ c (Z(b,)-l)>,22m-1+2m+2m 
ueZ(D) 
= 2277-l + 2m+1 
From (7.E) we get the numbers Z(B) and k(B). For the determination of the 
heights, we have to continue the analysis of the matrices q(u) started in the 
proof of (7.E) where Jo (0, l,..., 2”-l - l} and u E Z(D) has order 2”. Because 
the upper bound for k(B) is reached, in the cases (i), (ii) and (iii) of (7.E) also 
the maximum occurs. For the same reason, we get 1 !IJ& 1 = 2”+l and therefore 
k,,(B) = 2m+1. 
Let x E B with 1Dz,(,y) # 0. Then v(dl(u),) < 1. From (6.F) and [6, II; (5H)] 
we conclude v(dl(u),) = 0 and h(x) = 0 w ic is a contradiction to 1 ‘93, j = h h 
2m+1=k,(B).So%R~= m,and2m+2=I~mlI.l+1~n3/.4sothat/))32,i = 
2+l. By (i) and (ii) there exists a x’ E B with h(x’) = 0 and d(u),, = [#, 0] 
for suitable j.{O, l,..., 2m-1 - l} and E = il. Then, for all x E B, the 
following holds: 
h(x) = ~(1 D I m,“,) = v(-2d2(u), + (2”+l + 1) dl(u),). 
If dl(u), = 0 and therefore d2(u), = Sp with integers i~(0, I,..., 2mp1 - 1) 
and 6 = fl, then h(x) = v(2) = 1. Otherwise dl(u), = 265i with integers 
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iE(0, I,..., 2+r - l} and 6 = &l, and P-(U), = Sgi. Therefore h(x) = m. 
From / LB& j = 2”-r the proposition follows. 
(7.H) COROLLARY. If case (bA) occurs and u E Z(D) has order 2”, then for 
each x E B there is exactly one j E (0, l,..., 2”-r - 1) with q(u), # 0, so that 
d(u), = a,(u), [j. 
If h(x) = 0 then q(u), = [E, 0] or q(u), = [c, l ], 
if h(x) = 1 then a,(~& = [0, E], 
if h(x) = m then aj(z& = [26, l ] for suitable E = f 1. 
As an application of [lo; (6D)] we have the following result in case (a): 
(7.1) LEMMA. 
k(B) - Z(B) = (22m-1 + 3 . 2m+1 - 5)/3 in case (aA), 
k(B) - Z(B) = (22m-1 + 9 . 2”-’ - 2)/3 in case (aB). 
The following lemma is a consequence of (5.A): 
(7. J) LEMMA. In case (A) there is at most one r E (1, 2,..., m) with l&(2’) # 0, 
and then Ee(27 = I. In case (B), EB(2’) = 0 for r = 1,2 ,..., 2m. 
III. THE BLOCK B 
8. Notations 
In this chapter, let us E Z(D) with (z@ = (x2y2), and let rr: C,(u,) + 
C,(u,)/(u,,) be the natural epimorphism. The images under n are denoted by 
the symbol “N,” such as 
Z~:=D~=D~++J, . , 3i; -zz x” f -= p , , 72 := xy=. (8.1) 
B := b”,, is a block of c := CG(u,,)/(uo) with defect group fi. This chapter 
contains a few facts about f3 which are needed for the proof of (7.F). The 
proofs are similar to those of sections 2-5, and so many details will be omitted. 
9. The Defect Group 13 
l?r is generated by zi$ f, i which satisfy the following relations: 
22” = $2 = 52 = 1 *-- > wxw=z, --- wzw = .i? 
(9.1) -em zxz = .i-w. 
Every ii E D has a unique representation ii = G%V with h, j E (0, l>, i E 
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K4 I,..., 2+1 - 1). The next lemma contains simple facts about D which 
are needed in the following. 
(9.A) LEMMA. (i) Z(B) = (Z2m-‘, rZ>, B’ = (PeZ). 
(ii) D/Z(D) is dihedral of order 2”. 
(iii) s/s’ has the type (4,2). 
(iv) For each ii := 3i;W% E &\(E, G), ii2 = si? E Z(D); in particular, the 
order of ii is at most 4. 
(v) For each ii E B\(Z, e?l), C,(u) = (Z(D), ti); in particular, C,(u) is 
abelian of order 8. 
10. The Net 2I(fi, 6) 
Let Y be the reciprocal image of Cc(B) under r in G, and let 6 := (bDY)n. 
By [15, (1.511, 6 is a block of DC,(d) with gG = B and defect group 15. By 
[15, (1.5), (1 .S)], every double chain in %(fi, 6) is special, in particular 9I(D, 6) = 
%(fJ, 6). 
With arguments similar to those of section 3 and by [15, (1.5)], we get the 
following result: 
(lO.A) PROPOSITION. Set 
$3 := ((6, R@, Z), (E, f2h) : h = 1, 2 ,..., m - l] u {fi, (2, 5)). 
Then % is a system of representatives for the classes of strongly conjugate subgroups 
in %(D, b), and ‘%(d, 6) consists precisely of all I%conjugates of the groups in 3. 
If & is not D-conjugate to (pm-‘, 6, Z), then T(bO) = ND(&) Cc(&). For 
& := (6, p-‘, 2) the following holds: 
1 T(ba) : $&(&)I = 6 in case (A), 
j T(b6) : &Cc@)/ = 2 in case (B). 
11. The Subsections 
This section is the analogue to section 4. 
(1 l.A) LEMMA. In case (A), & : = (6, @-i, 2) sphts into the following 
orbits under conjugation in T(bo): two orbits which consist of the ehments 1 and e?, 
and two orbits of length 3 which can be represented by Z2”‘-’ and zE@“--‘. 
In case (B) we get four orbits which consist of the elements of Z(B) and two 
orbits of length 2 which can be represented by I and ~55. 
Proof. In case (B) the assertion is a simple application of the fact T(bd) = 
%C&> M&)- s o assume that case (A) occurs. Because Z(Q) = (xy) is fixed 
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under conjugation in No(Q), 6 is fixed under conjugation in Z”(bd) < N&). 
So neither f2”‘-’ nor ri?,ff2”-’ can be fixed, for else & could not admit an auto- 
morphism of order 3. ZZmM1 and ~ZL%~“‘-~ cannot be in the same orbit, because 
this orbit would consist of 3 elements which is impossible because ZZ is fixed. 
So the result follows. 
The proof of the following result will be omitted. 
(ll.B) LEMMA. (i) By conjugation in T(bo) = &‘&& & := <Z;, 6) 
splits into four orbits which consist of the elements of Z(D) and 2” - 2 orbits 
of length 2 which can be represented by 53, 3~5, i = 1, 2 ,..., 2”-l - 1. 
(ii) By conjugation in T(bb) = N&) Cc(&), & := (55, Z2”-l) splits into 
four orbits which consist of the elements of Z(D) and two orbits of length 2 which 
can be represented by ST and ~3%. 
As in (4.2) we fix the following notation: 
681 := Z(D), 
Gs2 := (2, f% : i = 1, 2 ,..., 2+l - l}, 
Gfj” := {E, &i3}, 
664 := m in case (A), 
G# :== (2, zE} in case (B), 
E5f-j := Gal u Gfj2 u 663 u G;a4. 
(11.1) 
(11 .C) PROPOSITION. Define 
6 := {(fi, b,) : ii E ‘SS , b8 = b,?g;}. 
Then e is a system of representatives for the classes of conjugate subsections belonging 
to 8. 
12. The Elementary Divisors of the Cartan Matrix of B 
We have now reached the aim of this chapter. 
(12.A) LEMMA. In case (A), the Cartan matrix of B has an elementary 
divisor 2; in particular l(8) > 2. 
Proof. By [15, (l.l), (1.2)], EB(~) > n,*((eZ)). By [15; (1.3)], (@) is con- 
tained in every p-subgroup P of Cc(G) with nbn;(p) # 0. Therefore I&&2) = 
nbg((z?)) < Eg(2), and it suffices to show that 2 is an elementary divisor of the 
Cartan matrix of 6, . 
546 BURKHARD KtiLSHAMMER 
For & : = (6, Z2”“-l, .Z), we have by (ll.A): 
I Vd n ‘X4: &G&)l = I Wd: !%(&)I = 6. 
If 7j: CC(~) ---t C&rE)/(zZ) denotes the canonical epimorphism, then b,$ is a 
block of Cc(til)B with the dihedral defect group D/(6) g D/(xy). By [15; (1.5)] 
and the equation above, for b,” the case (ab) of [9] occurs. By [9, (4G)] the 
Cartan matrix of bS* has 1 as an elementary divisor, so the Cartan matrix of 
b, has 2 as an elementary divisor. 
IV. THE CASE m = 2 
13. Further Conditions on the Decomposition Numbers 
In this chapter we assume m = 2, so that / D 1 = 32. Because the general 
results are not satisfying in case (a), it seems worth looking at this special case. 
(13.A) LEMMA. In case (A), C, has exactly two elementary divisors d$krent 
from 1, namely 4 and 32. In case (B), C, has exactly one elementary divisor 
diflerent from 1, namely 32. 
Proof. The result follows from (12.A), (7. J) and (5.A). 
(13.B) LEMMA. In case (bA), a basic set Q(B) can be chosen such that C, 
has the following form: 
c, = [i” 
Proof. (l/4) C, is the matrix of a positive definite quadratic form with 
integral coefficients and the elementary divisors 1 and 8. The reduction theory 
for these matrices (see [17], for example) shows that we can choose @(B) such 
that C’s has one of the following forms: 
CB = [t 3i 1 or c, = [y l; . I 
We first assume that the first possibility occurs. Then we get for M(l) = [mk!]: 
32m”! = 8d1(1), d’(l),- + d2(1), d2(1),, xx 
= d2(1), d2(1),, (mod 8). 
If x, x’ E B with h(x’) = 0, then we conclude from h(x) = v(32m!$) that 
h(x) = v(d2(1),). Then (7.G) g ives a contradiction to the equation 
c d2(1); = 32. 
XEB 
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So the second possibility occurs and, by a suitable transformation, we get 
the form stated in the lemma. 
As in (6.E) and (6.F), we get from (13.B): 
(13.C) LEMMA. If case (A) occurs and II = x2y2, then a basic set @(bJ can 
be chosen sllch that Cb, has the following form: 
For Mu = [m$] we have the following equution: 
32rnz,j = 3dl(u), dl(U),~ - 2dl(u), d2(U)x* 
- 2fP(u), dl(u)./ + 4d2(u), d2(u),* . 
1n particular h(x) = 0 z# d’(u), is odd. 
In case (B) we have the following results: 
Vd = 1, (44, d(4) = 32, h(x) = 4Wx) for x E B. 
The following lemma is an immediate consequence of [6, II; (5G)]. 
(13.D) LEMMA. If (u, b,) E 6 with def(b,) = 4, then a,,(~)~ + q(u), is even 
for all x E B with h(x) > 0. 
From the orthogonality relations we get: 
(13.E) LEMMA. In case (b) we have the following relations for u E ( y, y”, xy2, 
x2y3> : 
14. The Number of Characters in Case (a) 
Because of m = 2 the values of the characters x E B are in Q’(i), where 
i2 = - 1 as usual. r,, = r(Q’(i)/Q’) consists of 1 and y where iv = -i; in 
particular, r, is cyclic. 
As in [9, Theorem 31 the following lemma is a consequence of Brauer’s 
permutation lemma: 
(14.A) PROPOSITION. If r’(B) denotes the number of non-Zrational characters 
in B, then we have in the case 
(aA): r’(B) = 6, 
(aB): r’(B) = 4, 
(bA): r’(B) = 10, 
(bB): Y’(B) = 8. 
4w4/2-17 
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Of course, the non-2-rational characters split into families of two 2-conjugate 
characters each. 
Now we are able to determine Z(B), K(B), k,(B), i = 0, l,... in all cases. 
(14.B) LEMMA. $(B) = 8 in all cases. 
Proof. If k,,(B) # 8, then k,(B) = 4 by (l.C) and (7.A). Now consider 
44 = a0W + ia u I( ) f or u = XX. By the orthogonality relations, a,,(u) and aI(u) 
contain four coefficients fl each. Because a,(u), + a,(u), is odd for all x E B 
with h(x) = 0, we get a contradiction. 
(14.C) COROLLARY. For all x E B with h(x) = 0, d(xz), E (&l, +i}. For all 
x E B with h(x) > 0, d(xz), = 0. 
(14.D) COROLLARY. At least four non-2-rational characters in B hawe 
hezght 0. 
Proof. If x E B with a&z), = 6 = -&l, then U&&Y = -a&z), = -8, 
so x cannot be 2-rational. The result follows because aI contains exactly 
four coefficients * 1. 
(14.E) PROPOSITION. Z(B) = 2, K(B) = 10, k,,(B) = 8, K,(B) = 2 in case 
P)- 
Proof. Set u : = xy and consider d(u) = aO(u) + ia,( If x E B with 
a,(u), # 0, then x is non-Zrational, and aI(z& = --%(u)~. Because by (14.A) 
there are exactly two families of 2-conjugate non-Zrational characters in .B, 
16 = (a,(u), ar(u)) is a sum of two or four squares. Therefore al(u) contains 
four coefficients *2; by (14.D) these occur for characters of height 0. Because 
a,,(u), + a,(u), is odd for x E B with hh) = 0, no coefficient of a,,(u) vanishes. 
Because of IQ,(B) = 8, 0( ) a u contains exactly eight odd coefficients. We have 
k(B) > I 6 j = 9 and (a,(u), a&)) = 16, so these coefficients have to be &l, 
and 
8 = c a,(u): . 
h(X)>0 
Because a,(u), = so(u), + aI(u), = 2h(x) (mod 2h(x)+1) for x E B, a,,(u) contains 
two coefficients +2 which occur for characters of height 1. So the result 
follows. 
As corollary, we get the decomposition numbers and the elementary divisors 
of the Cartan matrix. 
(14.F) COROLLARY. If case (aB) occurs and u E Z(D) has order 4, then so(u) 
and al(u) haoe the following form: 
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U,,(U): 8 coeficients &l (for the characters of height 0), 
2 coe&ients &2 (for the characters of height I), 
ul(u): 4 coe@%nts &2 (for the non-2-rational characters). 
Furthermore, Ce has the elementary divisors 1 and 32. 
(14.G) PROPOSITION. Z(B) = 3, h(B) = 12, h,,(B) = 8, h,(B) = k,(B) = 2 
in case (aA). 
Proof. By (13.A) and (7.Q k(B) = 1(B) + 9 3 II. Now consider d(u) 
for ?I E Z(D) of order 4. If x E B with u,l(zl), f 0, then x is non-2-rational, 
and u,l(u),~ = -qr(~), . Because of (all(u), al’(u)) = 8 and r’(B) = 6, ail(~) 
contains exactly two coefficients 52 which, of course, occur for non-2-rational 
characters. Because u,-,~(u), + ql(~)~ is odd for x E B with h(x) = 0, u,,~(z& 
cannot vanish for these characters. It now follows from k,(B) = 8 and 
(u,l(u), u,,l(u)) = 8 that usl(u) contains exactly eight coefficients iI, which 
occur for characters of height 0. 
If x E B with Use, # 0, then x is non-2-rational, and u~~(u),~ = -ur2(u), . 
Because of (u,~(u), ur2(u)) = 6, al”(u) contains exactly six coefficients *I, 
which occur for the non-2-rational characters. 
Since (u,~(u), us2(u)) = 6, there are two possibilities: 
(i) uo2(u) contains six coefficients &I. 
(ii) q,“(u) contains one coefficient -f2 and two coefficients &l. 
We first assume that (ii) occurs. Because of (u,,l(u), q,“(u)) = 4 the non- 
vanishing coefficients in u,,“(u) occur for characters of height 0. But then d(u) 
contains at most ten non-vanishing rows which is a contradiction to k(B) > 11. 
Therefore as2(u) contains six coefficients &I at least four of which occur 
for characters of height 0 since (u,l(u), uo2(u)) = 4. By counting the non- 
vanishing rows in d(u) we get k(B) < 12. 
Choose x E B with url(u), = 26 where 6 = &I. Assume h(x) = 0. Then 
ur2(u), = 6 and u,~(u), = E = *I. We analyse the contributions to (x, x): 
32m,“, = 4u,2(24): + 4u,2(u)z + 3ud(u)z + 3u,l(u)E 
- 4u0W u”2(4x - 4u1Wx U1204, 
= 4u,2(u)f + 4 + 3 + 12 - 4az,2(U), - 8 
= 11 + 4u,2(u): - 4q2(u), > 11. 
Therefore the contributions of (u, b,) and (u3, &a) together are at least 22/32. 
Obviously the contributions of (XZ, bs) and ( y3z, by+) are at least 8132. By 
(13.C), the contribution of (u2, b,,) is at least 3/32 which gives a contradiction 
to [6, II, (5B)]. So h(x) # 0. Not all non-vanishing coefficients in q,“(a) occur 
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for characters of height 0 or for non-2-rational characters, for else d(u) would 
contain at most 10 non-vanishing rows. Since (a,l(u), Q,,~(u)) = 4 and a,,z(u) 
is constant on families of 2-conjugate characters, we get two 2-rational characters 
x with h(x) # 0, and u,,~(u), = &l for these x. Therefore k(B) = 12 and 
Z(B) = 3. It remains to determine the heights. In order to do this we analyse 
the rows of A := [a,l(u), all(u), uo2(u), u,~(u)]: 
(1) If x E B is 2-rational with h(x) = 0, then A, = [a, 0, 0, 0] or A, = 
[S, 0, 6, 0] where 6 = f 1. 
(2) If x E B is non-2-rational with h(x) = 0, then A, = [S, 0,6, l ] or 
A, = [S, O,O, e] where 6 = &I, E = &I. 
(3) If x E B is non-2-rational with h(x) > 0, then A, = [0,2S, 0, 61 
where 6 = il. 
(4) If x E B is 2-rational with h(x) > 0, then A, = [0, 0, 6, 0] where 
6 = 51. 
Choose x’ E B 2-rational with h(x’) = 0 so that A,, = [a, 0, u,,~(u)~, , 0] 
and analyse the contributions to (x, x) for x E B: 
32m,“,, = 36dl(u), - 2d1(u), ~~~(24)~~ - 26d2(u), + 4d2(u), ~~~(24)~~ , 
If x E B is 2-rational with h(x) > 0 so that A, = [0, 0, E, 0] with E = fl, then 
h(x) = v(32m,“,) = ~(-28~ + REUSE,) = 1. 
If x E B is non-2-rational with h(x) > 0 so that A, = [0, 2~, 0, ~1 with E = &l , 
then 
h(x) = v(32m,“,,) = v(68~i - ~&z~~(u),~ - 2&i + 4&,2(u),~) 
= v(4) = 2. 
So the proposition is proved. 
(14.H) COROLLARY. If case (aA) occurs and UEZ(D) bus order 4, then 
[a,l(u), all(u), al”(u)] has the foZZowing form with suituble 6 = $1, E = fl: 
4 rows [a, 0, 0] for the 2-rational characters of height 0 in B 
with contribution 3132, 
4 rows [S, 0, C] for the non-2-rational characters of height 0 in B 
with contribution l/32, 
2 rows [0, 0, 0] for the 2-rational characters of height 1 in B 
with contribution 4132, 
2 rows [0, 26, 61 for the non-2-rational characters of height 2 in B 
with contribution 8132. 
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uo2(u) has four coe@cients uo2(U), = t~~~(i()~ = &l fog characters x with h(x) = 0 
and two coew&s f 1 far characters x with h(x) = 1. 
Furthermore, Ce has the elementary divisors 1, 4, 32. 
15. 2-Rational Characters in B 
By the results of sections 7 and 14 we know that in each case B contains 
exactly six 2-rational characters, at least two of them not having height 0. 
(I 5.A) LEMMA. In the cases (aA), (aB), (bB) B contains exactly four 2-rational 
characters of height 0 and exactly two 2-rational characters of height 1. 
Proof. In case (aA), the result follows from (14.H), in case (aB) we have 
to apply (14.A) and (14.D). So let case (bB) be given and let u E Z(D) have 
order 4. If x E B with u,(u), # 0, then x is non-2-rational, and a,(~),~ = 
---a,(u), . Since r’(B) = 8 and (u,(u), al(u)) = 16 we have to find a representa- 
tion of 8 as a sum of at most four squares. The only possibility is 8 = 4 + 4 
so that a,(u) contains four coefficients f2. By (7.D), these occur for characters 
of height 1. So we get four non-2-rational characters of height 0 and four 
non-2-rational characters of height 1 which proves the result. 
From the proof, we get the following corollary: 
(153) COROLLARY. If case (bB) occurs and u E Z(D) has order 4, then d(u) 
has the following form: 
8 coejicients fl for the characters of height 0, 
2 coeficients -&2 for the 2-ratiunul characters of height 1, 
4 coeficients f2i for the non-2-rational characters of height 1 in B. 
(15.C) PROPOSITION. B contains exactly four 2-rational characters of height 0 
and two 2-rational characters of height 1. 
Proof. It remains to consider the case (bA). Let u E Z(D) have order 4. 
By (6.F) and (7.H) al”(u) contains six coefficients fl, which occur for non- 
2-rational characters. For urr(u) we have the following possibilities: 
(i) urr(~) contains eight coefficients &l. 
(ii) urr(u) contains two coefficients f2. 
We want to show that case (i) does not occur, so we assume the contrary. By 
(7.H), the coefficients 31 in al’(u) occur for characters of height 0, and so 
all characters of height 0 have to be non-2-rational. Furthermore, the coefficients 
of uol(u) for characters of height 0 have to vanish, and therefore usI has 
two coefficients 12, which occur for the characters of height 2. For the same 
reasons, the coefficients of uo2(u) for characters of height 0 vanish, and u,,a(u) 
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has two coefficients -&l for the characters of height 2 and four coefficients 
fl for the characters of height 1. Since (a,r(u), aIs( = 4, ars(~) contains 
exactly four coefficients &l for characters of height 0 and two coefficients 
& 1 for the non-2-rational characters of height 1. Therefore B contains exactly 
eight non-2-rational characters of height 0 and two non-2-rational characters 
of height 1. 
We analyze q(v) for w E ( y, my”>. By (13.E), (a,(o), al(v)) = 8. The 
orthogonality to all(u) and a12(u) implies that al(v) contains eight coefficients 
f 1 which occur for the characters of height 0. By a suitable choice of the 
basic sets and by a suitable numbering of the characters we have the following 
columns: 
a,l(u) = [l, -1, 1, -1, 1, -1, 1, -l,O,O,O ,... ]T, 
U12(U) = [l, -1, 1, --I, o,o, o,o, 1, -1,o ,... ]T, 
al(y) = [l, -1, -1, 1, 1, -1, -1, l,O, 0,o )... IT, 
a&y)2 = [l, -1, -1, 1, -1, 1, 1, -1, o,o, 0 ,... I=, 
but now ur(xz) cannot be orthogonal to these columns which gives the desired 
contradiction. 
Therefore all(u) contains two coefficients f2, and these occur for the charac- 
ters of height 2 which therefore are non-a-rational. By (7.H) the coefficients 
of u,,l(u) for the characters of height 2 vanish. So u,,‘(u) contains eight coefficients 
fl which occur for characters of height 0. Again by (7.H), al”(u) has two 
coefficients f 1 for the characters of height 2 and four coefficients &l for 
the characters of height 1, and us”(u) has four coefficients fl for the characters 
of height 0 and two coefficients fl for the characters of height 1. This analysis 
shows that four non-2-rational characters in B have height 1 and two non- 
2-rational characters have height 2. Because we have also four characters of 
height 0 which are non-2-rational, the result follows. 
From the proof, we get further informations about the decomposition 
numbers: 
(15.D) COROLLARY. If case (bA) occurs and u E Z(D) has order 4, then 
[a,l(u), a,‘(u), ao2(u), a,2(u)l has th e o f D owing form for a suitable 6 = f 1: 
4 rows [a, 0, 0, 0] for characters of height 0 with contribution 3132, 
4 rows [a, 0, 6,0] for characters of height 0 with contribution 3132, 
4 rows [0, 0, 0, S] for the non-2-rational characters of height 1 
with contribution 4132, 
2 rows [0, 0, 6, 0] for the 2-rational characters of height I 
with contribution 4132, 
2 rows [0,2&O, S] for the non-2-rational characters of height 2 
with contribution 8132. 
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16. The Cartan Matrix of B 
In this section we will determine the Cartan matrix C, of B with respect 
to a suitable basic set. This is trivial in the case (bB) and has already been 
done in (13.B) for the case (bA). 
(16.A) PROPOSITION. In case (aB), a basic set Q(B) can be chosen such that 
Ce has the following form: 
Proof. Ca = [cij] has the elementary divisors 1 and 32. As in the proof 
of (13.B), the reduction theory for positive definite quadratic forms shows 
that C, has one of the following forms with respect to a suitable basic set: 
The orthogonality relations exclude the first possibility. So assume that the 
second possibility occurs and consider the matrix Mu) = [rn:,?] of contributions 
of (1, B). 
32mfi = 9&(l); - 4dl(l), P(l), + 4@(l):. . 
If x E B with h(x) = 0, then v(32m$) = 0, so S(l), has to be odd. Since 
k,(B) = 8, we get the contradiction 4 = (S(l), G(l)) > 8. This gives the 
desired result. 
(16.B) PROPOSITION. In case (aA), a basic set @P(B) can be chosen such that 
C, has the following form: 
3 l-l 
c, = [ 1 1 7 1. --I 1 7 
Proof. In this case, Ca has the elementary divisors 1, 4, 32. The reduction 
theory (see [2]) gives the following possibilities for C,: 
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The orthogonality relations exclude the cases where a matrix has a coefficient 1 
in its main diagonal. So first assume that the second possibility occurs. Then 
it can be shown by a standard calculation, that the matrix &P) of contributions 
from (1, B) satisfies the following congruence: 
32~~2 = di(l), (mod 2). 
If x E B with h(~) = 0, then dl( l), has to be odd which gives the contradiction 
4 = (dl(l), d’(1)) > K,(B) = 8. I n a similar manner we get a contradiction 
if we assume that the fourth possibility occurs. 
So let C, have the fifth form. Then we have the following relation for M(l): 
32&t SE 3d1( l), dl( l),, + 3d3( l), d3( l),* 
- dl( l)X ds( l),, - d3(l), dl(lX* (mod 8). 
In particular, 32nzk’ = &(l), + d3(1), (mod 2). If x E B with /z(x) = 0, then 
either dl(l), or d3(l)X is odd. Since (dl(l), dl(1)) = 3, dl(l) contains three 
coefficients &l. Since (d3(1), d3(1)) = 11 and K,(B) = 8, there is at least 
one x’ E B with h(x) = 0, dl(l),, = 0 and d3(1),c = S = &l. From this we 
get for each x E B: 
32~~2~ z 3d3(1), 8 - dl(l), S (mod 8). 
If /z(x) = 2 then 32m,,, = (‘I - 4 (mod 8) by [6, II; (5H)]. Because of 1 d3(l), 1 6 3 
and 1 dl(l), 1 < 1 neither da(l), nor dl(l), can vanish, so we can assume 
d’(l), = c = 21. Therefore d3(1), E {-E, 36). The case da(l), = 3~ cannot 
occur, since (d3(1), d3(1)) = 11 and k,(B) = 8. B ecause the characters of height 2 
are non-2-rational, the matrix [dl(l), d3(1)] has the form [E, --cl for these 
characters. This gives a contradiction to (dl(l), d3(1)) = 3, and the result 
follows. 
FINAL REMARKS 
Here we compare our results with those of [9, 151. Our analysis is complicated 
by the fact that we have to consider non-real decomposition numbers corre- 
sponding to the subsections (u, b,), u E Z(D), and that the corresponding 
blocks of Co(u)/(u) have a strange type of defect group. Another difficulty 
is the existence of many minor subsections for which we do not have relations 
as [6, II, (5G), (5H)]. The greatest problem, however, is the fact that the Galois 
groups r or r, are not cyclic. Therefore we cannot apply Brauer’s permutation 
lemma as in [9, 151 and (14.A). These are the reasons for the failure of the 
methods in case (a). But, as is shown in [S], case (a) does not become easy 
even if B is assumed to be the principal block. 
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